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Back in 2010…



Overview

❖ Stars, why bother?
❖ Main ingredients and equations
❖ Modelling stars
❖ Overview of stellar evolution
❖ Tracks and isochrones



Class is based on



❖ I will brush through many topics
❖ Many (interesting!) details will be 

skipped due to little time
❖ Further descriptions in the literature and 

proceedings
❖ Ask questions as we go along!

Class is based on



One minute



Stars

Stars, why do we care?



Stars

❖ Source of chemical evolution in the Universe
❖ Relics of formation history and age of the Galaxy
❖ Benchmarks for studies of other galaxies
❖ Progenitors of BHs, SN, GRB, planetary 

nebulae…
❖ Host of exoplanets
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❖ Source of chemical evolution in the Universe
❖ Relics of formation history and age of the Galaxy
❖ Benchmarks for studies of other galaxies
❖ Progenitors of BHs, SN, GRB, planetary 

nebulae…
❖ Host of exoplanets

Stars

Building blocks of astro
physics!Stars, why do we care?



❖ Understand physical processes: 

drivers of evolution in relevant regimes
❖ Predict intrinsic properties: 

mass, radius, luminosity, age, distance, etc.

Yes we care! what do we want to know?

How can we do this?

Stars



Stars
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Stars
Do we observe this?



Stars
The importance of mass



❖ Understand physical processes: 

drivers of evolution in relevant regimes
❖ Predict intrinsic properties: 

mass, radius, luminosity, age, distance, etc.

The ingredients

Modelling Stars



Modelling Stars

What are the main ingredients needed?

Question:

•Think about it (45 secs)

•Discuss it with your neighbour (2 mins)



Modelling Stars

Stars!
Structure

M
ixing Co
ns
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Modelling Stars
Consider a spherical non-rotating star



Modelling Stars

Radiation  
transports 
the energy 

Energy production 

Gas motion  
transports 
the energy 



The main equations
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Consider a spherical non-rotating star



Mass conservation
The main equations

r	

)(rm
md

rd

)(rρ



❖ Only pressure and gravity act on a mass element
❖ Spherical symmetry

The main equations
Mass conservation
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The main equations
Hydrostatic equilibrium

gFd
PFd

Gravity	

Pressure	

|dFg| = |dFP |



The main equations
Hydrostatic equilibrium
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The main equations
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The main equations
Energy conservation
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The main equations
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One minute



The main equations
Energy transport

❖ Occurs via radiation, convection, or conduction
❖ Regions with different energy transport 

mechanisms in the same star
❖ It depends on the thermodynamic state of the 

layer
❖ How can we know the mechanism used in each 

layer?



The main equations

Radiation  
transports 
the energy 

Energy production 

Gas motion  
transports 
the energy 



The main equations
Radiative transport
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The main equations
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luminosityL(r) = 4⇡r2FR
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The main equations

❖ In radiative equilibrium, all energy is transported 
outwards by photons
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Radiative transport



The main equations
Convective transport

It’s all about
buoyancy!



The main equations

”light”	

”heavy”	

Convective transport



The main equations

❖ Let us analyse the behaviour of a bubble that 
displaces a certain distance and consider if it 
moves back to its original position or continues 
travelling

Convective transport



The main equations
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Convective transport



The main equations
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The main equations

❖ Think about a radiative layer where a bubble 
displaces adiabatically
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The main equations

❖ These criteria tell us if a layer is in convective stability

❖ If it is:
dT

dm
= � GmT
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r = rrad

❖ What if it is not?

Convective transport

g-modes?



The main equations
Convective transport: the mixing-length theory

❖ It assumes a bubble travels a characteristic 
distance and then dissolves

` = ↵mltHP

❖ The mixing length parameter scales this distance
❖ The temperature gradient in convective instability 

is calculated after some geometrical assumptions 
and defining the mixing length parameter



What is the value of the mixing length

parameter in stars?

Question:

•Think about it (45 secs)

•Discuss it with your neighbour (2 mins)

The main equations



The main equations
Convective transport: the importance of the Sun

❖ The mixing length parameter is normally calibrated to 
reproduce solar properties

❖ Standard Solar Model (SSM): evolve a fully 
homogeneous 1 M⦿ model from the pre-MS to solar age

❖ SSM must match solar radius, luminosity, and surface 
metals-to-hydrogen ratio at the solar age

❖ Three adjustable parameters: initial composition and 
mixing-length parameter



The main equations
Convective transport: using 3D simulations



The main equations
Convective transport: using 3D simulations



The main equations



The main equations
sun M2

sunM .51

sun M1

sunM .50



How many equations and unknowns?

The main equations
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How many equations and unknowns?

The main equations
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The Equation of  
State (EOS)



How many equations and unknowns?

The main equations
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The main equations

⇢ = ⇢(P, T, µ)

cP = cP (P, T, µ)

⌫ = ⌫(P, T, µ)

rjk = rjk(P, T, µ)

✏⌫ = ✏⌫(P, T, µ)

EOS

Specific heat

Opacity

Nuclear reactions

Neutrino losses

Constitutive equations



The main equations
EOS

⇢ = ⇢(P, T, µ)

❖ Relates thermodynamical properties of the gas
❖ Simplest case: ideal gas
❖ In stellar plasmas, calculated by different groups 

for different ranges in parameters (e.g.,)

OPAL MHD Irwin FreeEOS

Constitutive equations



The main equations

❖ The Rosseland mean opacity is used:

OPAL OP

Opacity

⌫ = ⌫(P, T, µ)

❖ Determined by different groups (e.g.,)
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Constitutive equations



Constitutive equations

The main equations

Adelberger NACRE

Nuclear reactions

❖ Determined by different groups (e.g.,)

rjk = rjk(P, T, µ)
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Boundary conditions

The main equations

❖ Needed to integrate the equations
❖ Central ones are trivial:

r(m = 0) = 0, L(m = 0) = 0

❖ Other two must specify how T and P vary 
close to the surface

❖ Can be analytical, semi-empirical, or from 
model atmospheres



The main equations



One minute



How is it all combined in a stellar evolution code

Modelling stars

1.  Homogeneous	ini-al	composi-on	
2.  Solve	equa-ons	for	stellar	structure	
3.  Determine	rate	of	change	in	composi-on	
4.  Take	a	step	in	-me	and	find	new	composi-on	
5.  Solve	equa-ons	for	stellar	structure	with	new	

composi-on	
6.  Back	to	3	un-l	reaching	target	age	
	



Modelling stars
How is it all combined in a stellar evolution code



The ingredients we need

Modelling stars

❖ Select EOS

❖ Select nuclear reactions

❖ Select opacity tables

❖ Choose stability criterion (Ledoux or Schwarzschild)

❖ Define the mixing-length parameter

❖ Select the appropriate composition

❖ Choose any additional mixing process



Determining composition
Modelling stars
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Metals
(or heavy elements)

Modelling stars
Determining composition



Modelling stars

X + Y + Z = 1

❖ In evolution models, we work with
• X = hydrogen mass fraction
• Y = helium mass fraction
• Z = heavy elements mass fraction

Determining composition



Modelling stars

Elements	in	the	Sun	 Hydrogen 

Hydrogen 

Sodium 

Magnesium 

Iron 

Iron 

Nickel 

Determining composition



Modelling stars

[A/B] = log

✓
(number of A atoms/number of B atoms)?

(number of A atoms/number of B atoms)�

◆

❖ Observation of a star (e.g., photometry, spectroscopy)
❖ Determine the bulk “metallicity” of the star [Fe/H]

❖ If possible, determine some other element (e.g., [C/Fe], 
[N/Fe], [O/Fe])

Determining composition



How to transform the observed [Fe/H]  
into X, Y, and Z for each star we model?

Question:

•Think about it (45 secs)

•Discuss it with your neighbour (2 mins)

Modelling stars



Modelling stars

[M/H] ' log(Z/X)star � log(Z/X)�

[M/H] ' [Fe/H]

[M/H] ' [Fe/H]
⇣
0.638⇥ 10[↵/Fe] + 0.362

⌘

1.-

Determining composition



Modelling stars
The solar abundance problem…

❖ History of the solar surface composition
• GN93: 0.0245
• GS98: 0.0230
• AGS05: 0.0165
• AGS09: 0.0180
• C11: 0.0209

Impact of
3D atmospheric

simulations



Modelling stars
The solar abundance problem…



Modelling stars
The solar abundance problem…



Modelling stars

❖ Choose a set of solar abundances, but be consistent
❖ It defines the zero-point for [Fe/H] with a difference of 

up to 0.13 dex!
❖ It defines also the distribution of heavy elements among 

different species
❖ This has a large impact on the opacities
❖ You need specifically computed opacity tables for the 

solar mixture you are using

The solar abundance problem…



Modelling stars

[M/H] ' log(Z/X)star � log(Z/X)�

[M/H] ' [Fe/H]

[M/H] ' [Fe/H]
⇣
0.638⇥ 10[↵/Fe] + 0.362

⌘

1.-

2.- X + Y + Z = 1

3?

Determining composition



Modelling stars
Galactic chemical evolution law

❖ The initial mass fractions in the Universe Z=0, 
Y=0.248

❖ The Sun was formed with Z~0.02, Y~0.27
❖ Is there a relation between helium abundance 

as the universe gets enriched in metals?

�Y

�Z
' 1� 3



Modelling stars

L / µ7.5

Galactic chemical evolution law



Modelling stars

L / µ7.5

Galactic chemical evolution law



Modelling stars

[M/H] ' log(Z/X)star � log(Z/X)�

[M/H] ' [Fe/H]

[M/H] ' [Fe/H]
⇣
0.638⇥ 10[↵/Fe] + 0.362

⌘

1.-

2.- X + Y + Z = 1

3.- �Y

�Z

Determining composition



Modelling stars

❖ Select EOS

❖ Select nuclear reactions

❖ Select opacity tables

❖ Choose stability criterion (Ledoux or Schwarzschild)

❖ Define the mixing-length parameter

❖ Select the appropriate composition

❖ Choose any additional mixing process

The ingredients we need



Additional mixing
Modelling stars

❖ Overshooting
❖ Microscopic diffusion
❖ Rotation
❖ Thermohaling mixing
❖ Semiconvection
❖ Radiative levitation
❖ etc…



Modelling stars

❖ Overshooting
❖ Microscopic diffusion
❖ Rotation
❖ Thermohaling mixing
❖ Semiconvection
❖ Radiative levitation
❖ etc…

Additional mixing



Additional mixing: overshooting

❖ In the mixing-length formalism, bubbles travel a 
characteristic distance and then dissolve

❖ The distance is determined in the models by the 
stability criterion selected (Ledoux or Schwarzschild)

❖ But bubbles do not reach the convective border with 
zero velocity —> they overshoot

❖ How much do they overshoot?

Modelling stars



Overshooting: yet another parameter to calibrate

❖ It can happen in every convective region

sun M2

sunM .51

sun M1

sunM .50

Modelling stars



❖ Parametrisation: d
ov

= ↵
ov

HP

❖ Increases the size of convective cores in the 
hydrogen-burning phase, and thus the main-
sequence lifetime

❖ Changes the morphology of the MS turn-off
❖ Increase the size of He core at the MS end
❖ Changes luminosity of the RGB bump

Modelling stars
Overshooting: yet another parameter to calibrate



Stellar evolution



Additional mixing: microscopic diffusion

❖ Element diffusion is driven by pressure, 
temperature, and composition gradients

❖ Heavier elements sink downwards while lighter 
elements diffuse upwards

❖ Sun is used to calibrate diffusion coefficients 

[M/H] ' log(Z/X)star � log(Z/X)�

Modelling stars



One minute



Stellar evolution

❖ We know they main equations
❖ We know the constitutive equations
❖ We know about mass, composition, and 

additional mixing processes
❖ With all this information, do evolutionary codes 

reproduce stars in the sky?



Stars!
Structure

M
ixing Co
ns
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Stellar evolutionStellar evolution



Contraction 
heating 

Contraction 
heating 

Exhaustion of  
nuclear fuel 

Nuclear reactions 

Contraction 
heating 

Stellar evolution



Stellar evolution

❖ Initially a cloud of gas contracts and heats up
❖ Can contraction/heating occur indefinitely?
❖ No: since stellar matter is made of ions and 

electrons, the temperature required for nuclear 
burning is achieved or electrons become 
degenerate

Contraction



Stellar evolution

The Hayashi track

❖ For a given luminosity, the effective temperature 
decreases when nabla increases

❖ But the Schwarzschild criterion gives an upper limit to 
the temperature gradient

❖ And the equality holds only for fully convective 
structures 

r =
d lnT

d lnP



Stellar evolution

The Hayashi track
For a given mass, chemical 
composition and luminosity there is 
a minimum effective temperature 
corresponding to a fully convective 
structure



Stellar evolution



Stellar evolution

The Hayashi track
❖ As the central temperature increases, a radiative 

core appears

rrad =
3

16⇡acG

LP

mT 4

rrad < rad

Schwarzschild

❖ The star is no longer fully convective and 
departs the Hayashi track



Stellar evolution

The rightmost 
boundary in the 

evolution of a star



Stellar evolution

The main sequence
❖ Transformation of hydrogen into helium (and other 

species)
❖ Is the longest lived phase of nuclear burning in star
❖ Nuclear burning via the p-p chain or the CNO-

cycle



Stellar evolution

p-p chain



Stellar evolution
CNO-cycle



Constitutive equations

Adelberger NACRE

Nuclear reactions

❖ Determined by different groups (e.g.,)

rjk = rjk(P, T, µ)
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Stellar evolution



Stellar evolution

Low-mass
stars

High-mass
stars



Stellar evolution

Zero-age main sequence
❖ Luminosity is basically governed by stellar mass and 

not by efficiency nuclear reactions
❖ Thus, for a hydrostatic evolutionary phase the star 

“regulates” its burning rate to enforce hydrostatic 
equilibrium

❖ This defines the ZAMS as the first main-sequence 
model fully supported by H-burning and secondary 
elements in equilibrium



Stellar evolution



Stellar evolution

Main sequence: low-mass stars

❖ Stars with masses below ~1.2 M⦿ burn 
hydrogen via the p-p chain

❖ Radiative interior and convective envelope



Stellar evolution

ZAMS

Main sequence: low-mass stars

11 Gyr



Stellar evolution

Main sequence: intermediate-mass

❖ Stars with masses above ~1.2 M⦿ burn hydrogen 
via the CNO-cycle

❖ Convective core and radiative envelope 
(convective outer layer)



Stellar evolution

ZAMS

0.5 Gyr



Stellar evolution

Post main-sequence evolution
❖ Once fuel exhaust in the centre, the core 

contracts while the envelope expands (dredge 
up)

❖ Nuclear burning continues in a thin shell outside 
the core

❖ Evolution is slightly different for stars below and 
above ~2.0 M⦿ 



Stellar evolution

High-mass stars



Stellar evolution
Triple-alpha 

reaction



Stellar evolution

Low-mass stars
❖ Helium cores become electron degenerate
❖ Luminosity is controlled by the helium-core size 

(core-luminosity relation)
❖ They a change in luminosity known as the RGB 

bump
❖ Helium ignition is degenerate in a runaway 

process: the helium flash



Stellar evolution

Low-mass stars: first dredge up



Stellar evolution

Low-mass stars: first dredge up
❖ Convective envelope penetrates to the interior
❖ Chemical profile changes
❖ Surface abundances change



Stellar evolution

Low-mass stars: first dredge up



Stellar evolution

Low-mass stars: RGB bump



Stellar evolution

Low-mass stars: RGB bump



Stellar evolution

Low-mass stars: RGB bump



What causes the luminosity

drop during the RGB bump?

Question:

•Think about it (45 secs)

•Discuss it with your neighbour (2 mins)

Stellar evolution



Stellar evolution

Low-mass stars: RGB bump

L / µ7.5



Stellar evolution

Low-mass stars: RGB bump

Gratton et al. (2000) 

1st dredge up RGB bump



Stellar evolution

Low-mass stars: the helium flash
❖ Consider nuclear reactions under non-

degenerate conditions:

EOS⇢ = ⇢(P, T, µ)

❖ If T increases, P increases, the gas expands, 
material cools down and therefore the nuclear 
rate does not increase

❖ Self-regulating process or quiescent burning



Stellar evolution

Low-mass stars: the helium flash
❖ Now under degenerate conditions

EOS⇢ = ⇢(P, T, µ)

❖ If T increases, P does not and the region cannot 
expand and cool down

❖ This leads to an increase in the reaction rates
❖ And this leads to a further T increase….. ????



Stellar evolution

Low-mass stars: the helium flash



Stellar evolution

Low-mass stars: the helium flash
❖ Off-centre ignition 

(neutrino losses)
❖ Most energy used to lift 

degeneracy
❖ Secondary flashes
❖ Convective core and He-

burning phase starts



Stellar evolution



What is next?
❖ For stars of 0.08M⊙<Mini<8M⊙: no more burning 

beyond helium
❖ Dredge-up events transport material to the surface
❖ Neutron capture produce new elements via s-process
❖ Return to ISM via thermal pulses, winds, planetary 

nebulae phase
❖ Final stage: white dwarf

Stellar evolution



❖ For stars of Mini>8M⊙: carbon and 
silicon burning

❖ “Onion-skin” structure in the 
interior

❖ New elements produced via r-
process

❖ Return to ISM in supernova 
explosion

Stellar evolution
What is next?



Stellar yields



One minute



Tracks and isochrones

❖ Several large collections available
❖ Computed with different codes,  input physics, 

and assumptions
❖ They vary on the predicted properties available, 

select carefully based on what you need
❖ Vary in the tests they have done of their results
❖ My advise: build your own!

Some tips



Tracks and isochrones



Tracks and isochrones

Play with the code and parameters, learn 
what is the physics behind any change in 
the models. It will surely help you fit your 
favourite star, and learn some physics



Tracks and isochrones
What happens if you change…



Tracks and isochrones
What happens if you change…



Tracks and isochrones
What happens if you change…



Tracks and isochrones
What happens if you change…



Stellar evolution 
and modelling
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