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Singularity theorems

◮ The theorems on singularities (Hawking, Penrose) tell us that space-time singularities are
unavoidable in the context of GR.

◮ Fundamentally different from singularities on the fields living on a fixed space-time
background! (e.g. Coulomb’s divergence).

◮ If space-time breaks down when a singularity, how can we even speak of a singularity as
something occurring at some “location”?.

◮ It is hard to rigorously capture the intuitive notion of a singularity (the theorems on
singularities offer little clue about this).
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Curvature divergences vs geodesic completeness

◮ If we see space-time singularities as indicative of a physically troublesome region, a
natural guess is that something is going on ill with the geometry.

◮ The blow up of curvature scalars (curvature divergences) tell us that we have a
space-time singularity.

◮ Then if you want non-singular space-time time, just make all the curvature
invariants finite.

◮ A standard strategy is to propose a line element with known finite curvature scalars and
drive the Einstein’s equations back to find the action it derives from (through removal of
any of the hypothesis): from Bardeen solution to a huge literature on the subject (Review:
0802.0330 [gr-qc]). But...

◮ Nothing in the singularity theorems speak of curvature invariants!.
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Curvature divergences vs geodesic completeness

◮ A more powerful characterization of space-times containing singularities is provided by
the notion of geodesic completeness (Geroch, Penrose, Hawking,...).

◮ Geodesics describing null rays or time-like (physical) observers should be complete: in a
consistent theory nothing can cease to exist suddenly or “emerge” from nowhere.

◮ That observers may experience intense tidal forces or large deformations is secondary as
long as they exist.
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◮ Thus:

◮ In a singular space-time there exist geodesic curves which cannot be extended to
arbitrarily large values of the affine parameter (i.e., they start or terminate at some
finite value).

◮ In a non-singular space-time geodesics can be extended to arbitrarily large values
of the affine parameter (geodesic completeness), no matter the behaviour of the
curvature invariants.

◮ The widespread identification between curvature divergences and space-time
singularities comes from the fact that in many cases of interest, those space-times
showing curvature divergences are also geodesically incomplete.

◮ Assumptions/approach of our research:

◮ Fundamental criterium for space-time singularities is geodesic completeness.
◮ Space-time singularities are an artifact of the classical GR description, which

would break down at high curvature/short-scales: modified gravity.
◮ The bulk of “quantum gravity” effects can be captured by some effective theory of

gravity in which singularities are avoided.
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Background geometry

◮ Consider the following electrovacuum geometry (derived first in 1207.6004 [gr-qc] (PRD))

ds2 =−A(x)dv2 +
2

σ+
dvdx + r2(x)dΩ2

where

A(x) =
1

σ+

[

1− rS

r
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σ1/2
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√

lεrq : “core” radius, lε some length scale, r2
q = 2GN q2: charge radius,

rS = 2M0 : Schwarzschild radius, δc ≃−0.572 a constant.
◮ For z = r/rc ≫ 1 → Reissner-Nordström space-time:
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◮ For z ≃ 1 (Nq : number of charges):
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◮ From
(

dr
dx

)2
= σ−

σ2
+

we find

r2(x) =
x2 +

√

x4 +4r4
c

2

which has a minimum at x = 0. This is reminiscent of a wormhole geometry.

z=z@xD

dG

dx

dz

dx+ÈxÈ-ÈxÈ

-4 -2 2 4
x

-1

1

2

3

4

5

◮ Curvature scalars at the wormhole throat can be all finite (δ1 = δc ) or divergent (δ1 6= δc ),
but WH structure persists in all spectrum of mass and charge.
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Theories and approach

◮ This space-time is an exact solution of quadratic gravity [1207.6004 [gr-qc] (PRD)]:

SQuad =
1

2κ2

∫
d4x

√
−g
[

R + l2ε (aR2 +RµνRµν)
]

− 1

16π

∫
d4x

√
−gFµνFµν

◮ and also of Born-Infeld gravity [1311.0815 [hep-th] (PRD)]:

SBI =
1

κ2ε

∫
d4x

[

√

−|gµν − l2ε Rµν(Γ)| −λ
√−g

]

− 1

16π

∫
d4x

√
−gFµνFµν

◮ Standard electromagnetic Maxwell field as matter → energy conditions are satisfied.

◮ Formulated in the Palatini approach: metric and connection as independent fields:

◮ Second-order field equations.
◮ Vacuum equations are Minkowski or (A)dS solutions → no extra propagating dofs.
◮ In GR (and Lovelock), metric and Palatini formulations coincide.
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Geodesics

◮ Parameterize a geodesic curve γµ = xµ(λ) with tangent vector uµ = dxµ

dλ and affine
parameter λ:

d2xµ

dλ2
+Γ

µ
αβ

dxα

dλ
dxβ

dλ
= 0

◮ Comments:

◮ The metric defines a natural connection (Christoffel) and defines a set of
geodesics.

◮ The independent connection can be used to define a different set of geodesics.
◮ Assuming the EEP and since matter is not coupled directly to the independent

connection we assume geodesics to be those of the metric.

◮ By spherical symmetry there are two conserved quantities: L = r2dϕ/dλ (angular
momentum per unit mass) and E = Adt/dλ (total energy per unit mass).

◮ Rewrite the geodesic equation in terms of the geodesic tangent vector

1

σ2
+

(

dx

dλ

)2

= E2 −A

(

κ+
L2

r2(x)

)

where k = 0(1) for null (time-like) geodesics.
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◮ Radial null geodesics (k = 0,L = 0) integrate this equation as

±E ·λ(x) =











2F 1[− 1
4 ,

1
2 ,

3
4 ;

r4
c

r4 ]r if x ≥ 0

2x0 − 2F 1[− 1
4 ,

1
2 ,

3
4 ;

r4
c

r4 ]r if x ≤ 0

◮ The affine parameter λ(x) extends over the real axis and the space-time, no matter the
behaviour of curvature scalars.

◮ In GR: r(λ) =±Eλ, the affine parameter is only defined on the positive/negative side of
the real axis because r(λ) is positive.

◮ Null (with L 6= 0) and time-like geodesics are complete as well no matter the behaviour of
curvature scalars.

Diego Rubiera-Garcia Institute of Astrophysics and Space Sciences (IA) Lisbon University (Portugal) Based on arXiv: 1504.07015 (EPJC), 1507.07763Are curvature singularities so bad? some counterexamples



Space-time singularities in GR
A geodesically complete space-time

Final remarks

Background geometry
Theories and approach
Geodesics

◮ f (R) = R − γR2 gravity with Born-Infeld electrodynamics

S =
1

2κ2

∫
d4x

√
−gf (R)+

1

4π

∫
d4x

√
−gβ2

(

1−
√

1+
FµνFµν

2β2

)

,

◮ Wormhole structure:

→ yields complete geodesics.

Infinite affine time → these wormholes lie beyond the reach of any observer or signal!.
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Final remarks

◮ Geodesics in these space-times are null and time-like complete for all spectrum of mass
and charge, i.e., no matter the behaviour of the curvature scalars.

◮ Not “designed”: they arise in reasonable extensions of GR where matter satisfies the
energy conditions.

◮ Curvature divergences and tidal forces? describe physical observers as a congruence of
geodesics (Tipler, Krolak, Nolan, etc).

◮ Causal contact among the constituents making up an extended object crossing the
wormhole throat is never lost [1602.01798 [hep-th](CQG)]

◮ The problem of the scattering of waves off the wormhole is well posed → no absolutely
destructive effects happen upon physical observers [1504.07015 [hep-th] (EPJC)].

◮ WH structure and geodesic completeness a general feature: also with anisotropic fluids
[1509.02430 [hep-th]] and in higher dimensions [1507.07763 [hep-th] (PRD)].

◮ Bouncing cosmologies exist for these same theories [1406.1205 [hep-th] (PRD)].

◮ Palatini formulation of modified gravity is essential for these results [1412.4499 [hep-th]
(PRD)].

THANK YOU FOR YOUR ATTENTION!
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Outline

• FLRW cosmologies: late-time acceleration 

• Singularities in General Relativity

• Classification of future singularities in cosmology

• Testing some singular models with data: Is the universe approaching 
the doomsday?



FLRW cosmologies

Brief Article

The Author

April 6, 2012

1

w > �1, quintessence fluid ,
w = �1, cosmological constant ,
w < �1, phantom fluid .

(1)

ds2 = �dt2+a2(t)

�
dr2

1� k r2
+ d�2

⇥

(2)

hDE (3)

• Type I (“Big Rip”): For t ⇥ ts,
a ⇥ ⇤ and � ⇥ ⇤, |p| ⇥ ⇤.

1

FLRW metric:

General Relativity:

FLRW equations in General Relativity

6

linear equations. However they exhibit simple analyti-
cal solutions in the presence of generic symmetries. The
Friedmann-Robertson-Walker (FRW) metric is based
upon the assumption of homogeneity and isotropy of the
universe which is approximately true on large scales. The
small deviation from homogeneity at early epochs played
a very important role in the dynamical history of our uni-
verse. Small initial density perturbations grew via grav-
itational instability into the structure we see today in
the universe. The temperature anisotropies observed in
the Cosmic Microwave Background (CMB) are believed
to have originated from quantum fluctuations generated
during an inflationary stage in the early universe. See
Refs. [70, 71, 72, 73, 74, 75, 76] for details on density per-
turbations predicted by inflationary cosmology. In this
section we shall review the main features of the homo-
geneous and isotropic cosmology necessary for the subse-
quent sections.

The FRW metric is given by [70, 77, 78, 79]

ds2 = −dt2 + a2(t)

[
dr2

1 − Kr2
+ r2(dθ2 + sin2 θdφ2)

]
,

(1)

where a(t) is scale factor with cosmic time t. The coordi-
nates r, θ and φ are known as comoving coordinates. A
freely moving particle comes to rest in these coordinates.

Equation (1) is a purely kinematic statement. In this
problem the dynamics is associated with the scale factor–
a(t). Einstein equations allow us to determine the scale
factor provided the matter content of the universe is spec-
ified. The constant K in the metric (1) describes the ge-
ometry of the spatial section of space time, with closed,
flat and open universes corresponding to K = +1, 0,−1,
respectively.

It may be convenient to write the metric (1) in the
following form:

ds2 = −dt2 + a2(t)
[
dχ2 + f2

K(χ)(dθ2 + sin2 θdφ2)
]

, (2)

where

fK(χ) =

⎧
⎨

⎩

sinχ , K = +1 ,
χ , K = 0 ,
sinhχ , K = −1 .

(3)

A. Evolution equations

The differential equations for the scale factor and the
matter density follow from Einstein’s equations [77]

Gµ
ν ≡ Rµ

ν −
1

2
δµ
ν R = 8πGT µ

ν , (4)

where Gµ
ν is the Einstein tensor, and Rµ

ν is the Ricci
tensor which depends on the metric and its derivatives,
R is the Ricci scalar and T µ

ν is the energy momentum

tensor. In the FRW background (1) the curvature terms
are given by [78]

R0
0 =

3ä

a
, (5)

Ri
j =

(
ä

a
+

2ȧ2

a2
+

2K

a2

)
δi
j , (6)

R = 6

(
ä

a
+

ȧ2

a2
+

K

a2

)
, (7)

where a dot denotes a derivative with respect to t.
Let us consider an ideal perfect fluid as the source of

the energy momentum tensor T µ
ν . In this case we have

T µ
ν = Diag (−ρ, p, p, p) , (8)

where ρ and p are the energy density and the pressure
density of the fluid, respectively. Then Eq. (4) gives the
two independent equations

H2 ≡
(

ȧ

a

)2

=
8πGρ

3
−

K

a2
, (9)

Ḣ = −4πG(p + ρ) +
K

a2
, (10)

where H is the Hubble parameter, ρ and p denote the to-
tal energy density and pressure of all the species present
in the universe at a given epoch.

The energy momentum tensor is conserved by virtue of
the Bianchi identities, leading to the continuity equation

ρ̇ + 3H(ρ + p) = 0 . (11)

Equation (11) can be derived from Eqs. (9) and (10),
which means that two of Eqs. (9), (10) and (11) are in-
dependent. Eliminating the K/a2 term from Eqs. (9) and
(10), we obtain

ä

a
= −

4πG

3
(ρ + 3p) . (12)

Hence the accelerated expansion occurs for ρ + 3p < 0.
One can rewrite Eq. (9) in the form:

Ω(t) − 1 =
K

(aH)2
, (13)

where Ω(t) ≡ ρ(t)/ρc(t) is the dimensionless density pa-
rameter and ρc(t) = 3H2(t)/8πG is the critical density.
The matter distribution clearly determines the spatial
geometry of our universe, i.e.,

Ω > 1 or ρ > ρc → K = +1 , (14)

Ω = 1 or ρ = ρc → K = 0 , (15)

Ω < 1 or ρ < ρc → K = −1 . (16)

Observations have shown that the current universe is very
close to a spatially flat geometry (Ω ≃ 1) [61]. This is
actually a natural result from inflation in the early uni-
verse [70]. Hence we will therefore consider a flat universe
(K = 0) in the rest of this section.

7

B. The evolution of the universe filled with a
perfect fluid

Let us consider the evolution of the universe filled with
a barotropic perfect fluid with an equation of state

w = p/ρ , (17)

where w is assumed to be constant. Then by solving the
Einstein equations given in Eqs. (9) and (10) with K = 0,
we obtain

H =
2

3(1 + w)(t − t0)
, (18)

a(t) ∝ (t − t0)
2

3(1+w) , (19)

ρ ∝ a−3(1+w) , (20)

where t0 is constant. We note that the above solution
is valid for w ̸= −1. The radiation dominated universe
corresponds to w = 1/3, whereas the dust dominated
universe to w = 0. In these cases we have

Radiation : a(t) ∝ (t − t0)
1/2 , ρ ∝ a−4 , (21)

Dust : a(t) ∝ (t − t0)
2/3 , ρ ∝ a−3 . (22)

Both cases correspond to a decelerated expansion of the
universe.

From Eq. (12) an accelerated expansion (ä(t) > 0)
occurs for the equation of state given by

w < −1/3 . (23)

In order to explain the current acceleration of the uni-
verse, we require an exotic energy dubbed “dark energy”
with equation of state satisfying Eq. (23). We note that
Newton gravity can not account for the accelerated ex-
pansion. Let us consider a homogeneous sphere whose
radius and energy density are a and ρ, respectively. The
Newton’s equation of motion for a point particle with
mass m on this sphere is give by

mä = −
Gm

a2

(
4πa3ρ

3

)
,

→
ä

a
= −

4πG

3
ρ . (24)

The difference compared to the Einstein equation (12)
is the absence of the pressure term, p. This appears in
Einstein equations by virtue of relativistic effects. The
condition (23) means that we essentially require a large
negative pressure in order to give rise to an accelerated
expansion. We stress here that Newton gravity only leads
to a decelerated expansion of the universe.

From Eq. (11) the energy density ρ is constant for w =
−1. In this case the Hubble rate is also constant from
Eq. (9), giving the evolution of the scale factor:

a ∝ eHt , (25)

which is the de-Sitter universe. As we will see in the
Sec. IV, this exponential expansion also arises by includ-
ing a cosmological constant, Λ, in the Einstein equations.

So far we have restricted our attention to the equation
of state: w ≥ −1. Recent observations suggest that the
equation of state which is less than −1 can be also al-
lowed [80]. This specific equation of state corresponds
to a phantom (ghost) dark energy [37] component and
requires a separate consideration (see also Ref. [81]). We
first note that Eq. (19) describes a contracting universe
for w < −1. There is another expanding solution given
by

a(t) = (ts − t)
2

3(1+w) , (26)

where ts is constant. This corresponds to a super-
inflationary solution where the Hubble rate and the scalar
curvature grow:

H =
n

ts − t
, n = −

2

3(1 + w)
> 0 , (27)

R = 6
(
2H2 + Ḣ

)
=

6n(2n + 1)

(ts − t)2
. (28)

The Hubble rate diverges as t → ts, which corresponds
to an infinitely large energy density at a finite time in the
future. The curvature also grows to infinity as t → ts.
Such a situation is referred to as a Big Rip singular-
ity [82]. This cataclysmic conclusion is not inevitable
in these models, and can be avoided in specific models
of phantom fields with a top-hat potential [83, 84]. It
should also be emphasized that we expect quantum ef-
fects to become important in a situation when the curva-
ture of the universe becomes large. In that case we should
take into account higher-order curvature corrections to
the Einstein Hilbert action which crucially modifies the
structure of the singularity, as we will see in Sec. XIV.

III. OBSERVATIONAL EVIDENCE FOR DARK
ENERGY

In this section we briefly review the observational evi-
dence for dark energy, concentrating on the types of ob-
servation that have been introduced. Later, in Sec. XIII
we will return to discuss in more detail the observational
constraints on the dark energy equation of state.

A. Luminosity distance

In 1998 the accelerated expansion of the universe was
pointed out by two groups from the observations of Type
Ia Supernova (SN Ia) [1, 2]. We often use a redshift to
describe the evolution of the universe. This is related to
the fact that light emitted by a stellar object becomes
red-shifted due to the expansion of the universe. The

For a perfect fluid with an equation of state, 
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B. The evolution of the universe filled with a
perfect fluid

Let us consider the evolution of the universe filled with
a barotropic perfect fluid with an equation of state

w = p/ρ , (17)

where w is assumed to be constant. Then by solving the
Einstein equations given in Eqs. (9) and (10) with K = 0,
we obtain

H =
2

3(1 + w)(t − t0)
, (18)

a(t) ∝ (t − t0)
2

3(1+w) , (19)

ρ ∝ a−3(1+w) , (20)

where t0 is constant. We note that the above solution
is valid for w ̸= −1. The radiation dominated universe
corresponds to w = 1/3, whereas the dust dominated
universe to w = 0. In these cases we have

Radiation : a(t) ∝ (t − t0)
1/2 , ρ ∝ a−4 , (21)

Dust : a(t) ∝ (t − t0)
2/3 , ρ ∝ a−3 . (22)

Both cases correspond to a decelerated expansion of the
universe.

From Eq. (12) an accelerated expansion (ä(t) > 0)
occurs for the equation of state given by

w < −1/3 . (23)

In order to explain the current acceleration of the uni-
verse, we require an exotic energy dubbed “dark energy”
with equation of state satisfying Eq. (23). We note that
Newton gravity can not account for the accelerated ex-
pansion. Let us consider a homogeneous sphere whose
radius and energy density are a and ρ, respectively. The
Newton’s equation of motion for a point particle with
mass m on this sphere is give by

mä = −
Gm

a2

(
4πa3ρ

3

)
,

→
ä

a
= −

4πG

3
ρ . (24)

The difference compared to the Einstein equation (12)
is the absence of the pressure term, p. This appears in
Einstein equations by virtue of relativistic effects. The
condition (23) means that we essentially require a large
negative pressure in order to give rise to an accelerated
expansion. We stress here that Newton gravity only leads
to a decelerated expansion of the universe.

From Eq. (11) the energy density ρ is constant for w =
−1. In this case the Hubble rate is also constant from
Eq. (9), giving the evolution of the scale factor:

a ∝ eHt , (25)

which is the de-Sitter universe. As we will see in the
Sec. IV, this exponential expansion also arises by includ-
ing a cosmological constant, Λ, in the Einstein equations.

So far we have restricted our attention to the equation
of state: w ≥ −1. Recent observations suggest that the
equation of state which is less than −1 can be also al-
lowed [80]. This specific equation of state corresponds
to a phantom (ghost) dark energy [37] component and
requires a separate consideration (see also Ref. [81]). We
first note that Eq. (19) describes a contracting universe
for w < −1. There is another expanding solution given
by

a(t) = (ts − t)
2

3(1+w) , (26)

where ts is constant. This corresponds to a super-
inflationary solution where the Hubble rate and the scalar
curvature grow:

H =
n

ts − t
, n = −

2

3(1 + w)
> 0 , (27)

R = 6
(
2H2 + Ḣ

)
=

6n(2n + 1)

(ts − t)2
. (28)

The Hubble rate diverges as t → ts, which corresponds
to an infinitely large energy density at a finite time in the
future. The curvature also grows to infinity as t → ts.
Such a situation is referred to as a Big Rip singular-
ity [82]. This cataclysmic conclusion is not inevitable
in these models, and can be avoided in specific models
of phantom fields with a top-hat potential [83, 84]. It
should also be emphasized that we expect quantum ef-
fects to become important in a situation when the curva-
ture of the universe becomes large. In that case we should
take into account higher-order curvature corrections to
the Einstein Hilbert action which crucially modifies the
structure of the singularity, as we will see in Sec. XIV.

III. OBSERVATIONAL EVIDENCE FOR DARK
ENERGY

In this section we briefly review the observational evi-
dence for dark energy, concentrating on the types of ob-
servation that have been introduced. Later, in Sec. XIII
we will return to discuss in more detail the observational
constraints on the dark energy equation of state.

A. Luminosity distance

In 1998 the accelerated expansion of the universe was
pointed out by two groups from the observations of Type
Ia Supernova (SN Ia) [1, 2]. We often use a redshift to
describe the evolution of the universe. This is related to
the fact that light emitted by a stellar object becomes
red-shifted due to the expansion of the universe. The
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B. The evolution of the universe filled with a
perfect fluid
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a barotropic perfect fluid with an equation of state

w = p/ρ , (17)
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H =
2

3(1 + w)(t − t0)
, (18)

a(t) ∝ (t − t0)
2

3(1+w) , (19)

ρ ∝ a−3(1+w) , (20)

where t0 is constant. We note that the above solution
is valid for w ̸= −1. The radiation dominated universe
corresponds to w = 1/3, whereas the dust dominated
universe to w = 0. In these cases we have

Radiation : a(t) ∝ (t − t0)
1/2 , ρ ∝ a−4 , (21)

Dust : a(t) ∝ (t − t0)
2/3 , ρ ∝ a−3 . (22)

Both cases correspond to a decelerated expansion of the
universe.

From Eq. (12) an accelerated expansion (ä(t) > 0)
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w < −1/3 . (23)

In order to explain the current acceleration of the uni-
verse, we require an exotic energy dubbed “dark energy”
with equation of state satisfying Eq. (23). We note that
Newton gravity can not account for the accelerated ex-
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Newton’s equation of motion for a point particle with
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mä = −
Gm

a2

(
4πa3ρ

3

)
,

→
ä

a
= −

4πG

3
ρ . (24)

The difference compared to the Einstein equation (12)
is the absence of the pressure term, p. This appears in
Einstein equations by virtue of relativistic effects. The
condition (23) means that we essentially require a large
negative pressure in order to give rise to an accelerated
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From Eq. (11) the energy density ρ is constant for w =
−1. In this case the Hubble rate is also constant from
Eq. (9), giving the evolution of the scale factor:

a ∝ eHt , (25)

which is the de-Sitter universe. As we will see in the
Sec. IV, this exponential expansion also arises by includ-
ing a cosmological constant, Λ, in the Einstein equations.
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equation of state which is less than −1 can be also al-
lowed [80]. This specific equation of state corresponds
to a phantom (ghost) dark energy [37] component and
requires a separate consideration (see also Ref. [81]). We
first note that Eq. (19) describes a contracting universe
for w < −1. There is another expanding solution given
by

a(t) = (ts − t)
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3(1+w) , (26)

where ts is constant. This corresponds to a super-
inflationary solution where the Hubble rate and the scalar
curvature grow:

H =
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ts − t
, n = −
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3(1 + w)
> 0 , (27)

R = 6
(
2H2 + Ḣ

)
=

6n(2n + 1)

(ts − t)2
. (28)

The Hubble rate diverges as t → ts, which corresponds
to an infinitely large energy density at a finite time in the
future. The curvature also grows to infinity as t → ts.
Such a situation is referred to as a Big Rip singular-
ity [82]. This cataclysmic conclusion is not inevitable
in these models, and can be avoided in specific models
of phantom fields with a top-hat potential [83, 84]. It
should also be emphasized that we expect quantum ef-
fects to become important in a situation when the curva-
ture of the universe becomes large. In that case we should
take into account higher-order curvature corrections to
the Einstein Hilbert action which crucially modifies the
structure of the singularity, as we will see in Sec. XIV.

III. OBSERVATIONAL EVIDENCE FOR DARK
ENERGY

In this section we briefly review the observational evi-
dence for dark energy, concentrating on the types of ob-
servation that have been introduced. Later, in Sec. XIII
we will return to discuss in more detail the observational
constraints on the dark energy equation of state.

A. Luminosity distance

In 1998 the accelerated expansion of the universe was
pointed out by two groups from the observations of Type
Ia Supernova (SN Ia) [1, 2]. We often use a redshift to
describe the evolution of the universe. This is related to
the fact that light emitted by a stellar object becomes
red-shifted due to the expansion of the universe. The
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Singularities in General Relativity

Geodesics completeness: 

A regular spacetime is defined as far as its geodesics are complete, i.e. as far as the 
geodesics go smoothly through the singularity.

4

a regular spacetime. However, a regular spacetime is only defined in terms of its geodesic completeness. Thus, a
spacetime with a curvature divergence can be regular as long as the geodesics can smoothly go through the divergence.
Hence, cosmological models with some of the divergences in the above classification do not need to correspond to
singular spacetimes and, consequently, singular future universes. In order to study whether the di↵erent singularities
correspond to a geodesically incomplete spacetime we will consider the geodesic equations given by

dxµ

d�2
+ �µ

↵�

dx↵

d�

dx�

d�
= 0 (4)

where � is some a�ne parameter (proper time for instance for non-null geodesics) and �µ
↵� are the corresponding

Christo↵el symbols. This equation already shows that it is the connection which determines the smoothness of the
geodesics. In general, the solutions of the di↵erential equations will be better behaved than the coe�cients of the
equations, so it is plausible to have a divergence in the connection with the geodesics remaining well-defined. It is also
important to notice that the curvature contains derivatives of the connection and, therefore, there can be situations
with curvature divergences, but where the connection (and consequently the geodesics) are perfectly regular. We will
illustrate this below for some specific cases. The relevant case for the cosmological evolution is a spacetime described
by the FLRW metric. In that case, the geodesic equations read1

d2t

d�2
+Ha2�ij

dxi

d�

dxj

d�
= 0 , (5)

d2xi

d�2
+ 2H

dxi

d�

dt

d�
= 0. (6)

These equations can be easily integrated. We start by rewriting the Hubble parameter in terms of the a�ne parameter
as

H =
ȧ

a
=

1

a

da/d�

dt/d�
. (7)

Then, we can rewrite Eq. (6) as

d

d�

✓
a2

dxi

d�

◆
= 0 (8)

which can be immediately integrated to obtain

dxi

d�
=

ui
0

a2
(9)

with ui
0 some integration constants. We can then use this solution into Eq. (5) to obtain

✓
dt

d�

◆2

=
|~u0|2

a2
+ C0 (10)

where C0 is another integration constant. We thus see that the geodesics will be regular (with a well-defined tangent
vector) as long as the scale factor remains regular. If the scale factor does not diverge and is non-vanishing (so the
metric is regular) the 4-velocities of the geodesics remain regular and the spacetime will be said to be non-singular.
If the scale factor diverges at some point, then the geodesics stop there and cannot go through it. As we have
discussed above, it is important to notice that the geodesics are insensitive to divergences in the expansion rate H or
its derivatives if they do not correspond to a singular behavior of the scale factor. This will be the case of the types
II, III and IV singularities in the above classification where the scale factor remains finite while all the divergences
only appear in its derivatives.

So far we have discussed the singularities from the point of view of geodesic completeness. Another class of criteria
that is useful to study the presence of a singular physical behaviour is the geodesic deviation equation, which allows to
infer the potential existence of divergences in tidal forces. The corresponding equations depend on the Riemann tensor,
which explicitly contains the Hubble expansion rate and its first time-derivative so that it is, in principle, sensitive
to divergences that do not a↵ect the geodesics themselves. Two common criteria to classify these divergences are the

1 Here we will focus on spatially-flat universes. For the general case see [23]

Geodesic deviation (Tipler and Krolak criteria): 

Even if geodesics are regular through the singularity, the infinitesimal distance 
between them may diverge, affecting the tidal forces. In order to account the 
possible effects on finite volumes, one may study the following integrals:
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so-called strong curvature divergences in the Tipler and Krolak sense, which are respectively characterized by the
following integrals:

T (u) ⌘
Z �

0
d�0

Z �0

0
d�00Riju

iuj , (11)

K(u) ⌘
Z �

0
d�000Riju

iuj . (12)

with ui the 4-velocity of the geodesic approaching the singularity. Here again we see that divergences in the curvature
do not necessarily lead to a physical singularity because integrals of a given function are generally better behaved than
the function itself. Thus, even if the spacetime contains a curvature divergence, it can remain regular according to the
above criteria. The physical reason roots in the fact that the geodesic deviation equation measures the infinitesimal
deviation, i.e., the tidal force between infinitesimally closed geodesics. However, extended physical objects have a
finite physical volume and the above criteria precisely give the conditions for a finite volume to remain finite when
going through the singularity. On the other hand, if the tidal forces are strong enough such that the volume shrinks
to zero, the singularity is said to be strong.

III. THE MODELS

In this section we will describe the parameterizations that we will use for the subsequent confrontation to observa-
tional data. We emphasize that we intend to establish a general lower bound for the time of the future singularity ts in
a fairly model independent manner. Since we are dealing with future singularities occurring at a finite proper time, it
is reasonable to perform our parameterizations in terms of proper time. Moreover, as we have discussed, the severity
of the di↵erent types of singularities is essentially determined by whether the scale factor or any of its time-derivatives
presents a divergence. Therefore, the natural cosmological quantity to parameterize is the scale factor However, for
convenience when confronting to SN Ia and BAO, it will be more appropriate to parameterize the Hubble expansion
rate directly. By doing this, we also avoid the ambiguity in the normalization of the scale factor.

As commented in the introduction, the main di�culty with respect to constraining the time of the Big Bang is
that, while we have an accurate knowledge about the past history of the universe so we can robustly compute such a
time, the future evolution of the universe is completely unknown. Because of that we need to make some relatively
strong assumptions on our parameterizations. First of all, we want to have an approximate matter dominate phase
at early times; we will use low-redshift (z  2) cosmological data so that by early time we actually mean well inside
the matter domination epoch, but much later than equality and decoupling times, i.e., redshifts 10  z  1000. In
order to comply with this requirements we propose to use the following form for the Hubble expansion rate:

H(t) =
2

3t
+ F (t, ts) , (13)

where ts is the time when one of the above singularities occur and the function F (t, ts) is assumed to be negligible
for t ⌧ t0 with t0 the present time, such that H(t ⌧ t0) ' 2

3t as it corresponds for a matter dominated universe. In
terms of the scale factor, this translates into a parameterization of the form

a(t) / g(t, ts)t
2/3 with F (t, ts) =

ġ

g
. (14)

This matter dominated phase will then be matched to an evolution with a future time singularity, i.e., F (t, ts) is a
function that either itself or some of its time-derivatives diverges at t = ts. Since we are looking for a future divergence
where a given derivative of the scale factor diverges while the lower derivatives remain finite, a reasonable Ansatz for
F (t, ts) is some half-integer power. The specific parameterizations that we have chosen are summarized in Table. I
together with their main properties, where the type of singularity is provided. All the models contain two parameters
characterizing the time of the singularity ts and an additional parameter n that regulates the time of the transition
from matter domination. Notice that all the parameterizations share the property of containing a late-time de Sitter
evolution when the time of the singularity is sent to the asymptotic future2 ts ! 1. However, it is important to
notice that the existence of a matter phase at early times matching a de Sitter universe in the asymptotic future

2 For the model C we need to simultaneously send n to infinity so that the product n log(1� t/t
s

) remains finite.

If the tidal forces are strong enough (above integrals diverge), and the volume 
shrinks to zero, the singularity is said to be strong.



Future Singularities in Cosmology

Classification of singularities  
S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005)
L. Fernndez-Jambrina, Phys. Rev. D 90, 064014 (2014) 

3

the singularity. Obviously, there could be transient phases that could delay the singularity, but this will not concern
us since we are actually interested in obtaining a general lower bound for a future singularity.

The paper is organized as follows: section II is devoted to a brief review about future cosmological singularities.
In section III, the parametrizations of the Hubble rate which are analyzed in the paper are introduced. Then, the
observational data used to fit the models is described in section IV. Finally, section V is devoted to the results
discussions.

II. FUTURE COSMOLOGICAL SINGULARITIES

Assuming an homogeneous and isotropic universe at large scales, in compliance with the cosmological principle, the
metric is given by the Friedmann-Lemâıtre-Robertson-Walker (FLRW) line element which is expressed as follows

ds2 = �dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (1)

where we have assumed spatial flatness. Within General Relativity and assuming a perfect fluid as matter source, the
gravitational equations can be written as

H2 =
8⇡G

3
⇢ , Ḣ = �4⇡G(⇢+ p) . (2)

Here ⇢ and p are the energy and pressure densities respectively of the perfect fluid, while H = ȧ
a is the Hubble

parameter. These equations are enough to describe the background cosmological evolution once the matter content of
the universe is specified. In addition to these equations, the Bianchi identities allow to obtain the continuity equation
⇢̇+3H(⇢+p) = 0, which is nothing but the field equations of the matter sector. For an arbitrary and constant equation
of state (EoS) parameter w ⌘ p/⇢ 6= �1, the continuity equations can be easily integrated to give ⇢ / a�3(1+w) so
that the above equations yield the familiar solutions:

H =
2

3(1 + w)(t� ts)
) a(t) / (t� ts)

2
3(1+w) (3)

with ts some integration constant. For w > �1 this equation contains a singularity at t = ts, where a ! 0 and
the energy density ⇢ / a�3(1+w) diverges, which corresponds to the Big Bang or Big Crunch singularities. On the
other hand, when w < �1, the above solution would lead to a contracting universe unless t < ts which corresponds
to an expanding universe that ends in a future singularity at the Rip time ts where the energy density diverges but
also the scale factor. This is the so-called Big Rip singularity, which has drawn much attention over the last years
since dark energy models with an EoS parameter w < �1 (usually called phantom) are allowed by the observations
constraining the homogeneous background evolution, as we have commented upon before. However, although this is
possibly the simplest type of future singularity, it is not the only possible one and, in fact, a relatively large amount of
di↵erent future singularities have been found in more contrived cosmological scenarios based on non-standard fields,
more general fluids or modified gravity. The di↵erent types of finite late-time singularities can be classified according
to the divergent cosmological quantity at the singularity as follows (see Refs. [8, 9],

• Type I (“Big Rip singularity”): For t ! ts, a ! 1 and ⇢ ! 1, |p| ! 1. Time-like geodesics are incomplete.
R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003).

• Type II (“Typical Sudden singularity”): For t ! ts, a ! as and ⇢ ! ⇢s, |p| ! 1. Geodesics are not incomplete.
This is classified as a weak singularity.
J. D. Barrow, Class. Quant. Grav. 21, L79 (2004)

• Type III (“Big freeze”): For t ! ts, a ! as and ⇢ ! 1, |p| ! 1. No geodesics incompleteness. They can be
weak or strong.
M. Bouhmadi-Lopez, P. F. Gonzalez-Diaz and P. Martin-Moruno, Phys. Lett. B 659, 1 (2008).

• Type IV (“Generalized Sudden singularity”): For t ! ts, a ! as and ⇢ ! ⇢s, p ! ps but higher derivatives of
Hubble parameter diverge. They are weak singularities.
M. P. Dabrowski, K. Marosek and A. Balcerzak, Mem. Soc. Ast. It. 85, no. 1, 44 (2014);

• Type V (“w-singularities”): For t ! ts, a ! 1 and ⇢ ! 0, |p| ! 0 and w = p/⇢ ! 1. These singularities are
weak
M. P. Dabrowski and T. Denkieiwcz, Phys. Rev. D 79, 063521 (2009).
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Hence, by assuming a particular ansatz H = H(t), the corresponding interacting term Q(t) is obtained. Moreover,
note that other type of non-interacting models can lead to the concerned models of Table I by means of non-standard
EoS’s for dark energy that e↵ectively stand for modifications of the Hilbert-Einstein action, viscosity terms (see
Ref. [25]). Nevertheless, the later case may lead to negative energy densities and other undesirable consequences, as
shown below for our parametrizations of the Hubble parameter.

our N.O.T. H(x) a(x) a H Ḣ Ḧ ⇢ p we↵

A I 2
3x + 2n

3(1�x/xs)
a0x

2
3 (x

s

� x)�
2
3 ·nxs 1 1 1 1 1 �1 w

s

< 0

B III 2
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3
p

1�x/xs
a0x

2
3 exp [� 4

3n
p

x
x

(x
s

� x)] a
s

1 1 1 1 �1 �1
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3x � 2n

3 log
⇣
1� x
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⌘
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2
3 exp [� 2

3n (x� x
s

) (�1 + log [1� x/x
s

])] a
s

1 1 1 1 �1 �1

D II 2
3x + 2n

3

q
1� x

xs
a0 (x/xs

)
2
3 exp [� 4

9 · nx
s

(1� x/x
s

)
3
2 ] a

s

H
s

> 0 �1 �1 ⇢
s

1 1

E IV 2
3x + 2n

3

⇣
1� x

xs

⌘3/2
a0 (x/xs

)
2
3 exp [� 4

15 · nx
s

(1� x/x
s

)
5
2 ] a

s

H
s

> 0 Ḣ
s

< 0 1 ⇢
s

0 0

Table I. In this table we summarize the 5 parameterizations that we propose to describe the di↵erent types of future singularities
that we consider throughout this work. In the first column we give the label we will use for each case, while the second column
indicates the type of singularity according to the classification in [8]. In the columns 3 and 4 we give the analytical expressions
for H(t) and a(t) (where, as explained in the main text, the normalization a0 must be chosen so that a(x = 1) = 1). In the
last columns we give the behaviour of a, H and some of its derivatives at the singularity. We also give the values of ⇢, p and
we↵ for the theoretical interpretation discussed in Section III. It is important to keep in mind that those values depend on the
underlying theoretical model and we only give them here for illustrative purposes.

IV. DATA

The analysis has been performed using three di↵erent standard cosmological tools. They are at low redshift (z . 2),
because we are not interested in changing early time evolution and we assume that a possible signature for “future”
evolution toward a singularity, if any, is detectable now or, at least, in the recent past only.

Just for sake of clarity and computational motivations, all the models we propose are written in terms of the
dimensionless variable x = t/t0, where t0 is the age of the Universe. This means that all quantities will be measured
in units of t0 so, for instance, we will have

H(t) =
H(x)

t0
. (21)

Therefore, in this case t0 plays, in terms of fitting parameters, the role usually ascribed to the Hubble constant H0 in
the standard approach.

Since our parameterizations are explicitly expressed in terms of time, it will be more convenient to use all the
standard integrals involved in the calculation of cosmological distances directly expressed as integrations over time,
instead of transforming them into integrations over redshift, being the two of them related as

Z z

0

d z̃

H(z̃)
!

Z x

1

d x̃

a(x̃)
. (22)

The integrations over redshift are more convenient in the usual case because the observational data are given in terms
of redshift. Thus, we will need to find the values of x that correspond to the given redshifts, i.e., we need to find the
functions z = z(x) or, equivalently a = a(x). This can be easily obtained from the corresponding expression for H(x)
by solving the di↵erential equation

H(x) =
a0(x)

a(x)
, (23)

where the prime stands for derivative with respect to x. This equation will be solved with the boundary condition
a(x = 1) = 1, i.e., we normalize the scale factor to be 1 today. Thus we operationally define the time t0 in our models
by such condition. Notice that for all our parameterizations this can be done analytically. Therefore, we can obtain
the values of xi corresponding to the measured values zi by numerically solving the equation zi = 1/a(xi)� 1.

Some singular models 
J. Beltran Jimenez, R. Lazkoz, DSG and V. Salzano, arXiv:1602.06211

We parametrise the Hubble rate in such a way that each model may contain a 
singularity.

where x = t/t0, xs = ts/t0
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A. Hubble data from early-type galaxies

We use the compilation of Hubble parameter measurements estimated with the di↵erential evolution of passively
evolving early-type galaxies as cosmic chronometers, in the redshift range 0 < z < 1.97 and recently updated in [26].
The corresponding �2

H estimator is defined as

�2
H =

24X

i=1

(H(xi,✓)�Hobs(xi))
2

�2
H(xi)

, (24)

with �H(zi) the observational errors on the measured Hobs(zi) values, and ✓ is the vector of cosmological parameters,
i.e., (t0, n, ts) in our case. Moreover, we will add a gaussian prior, derived from the Hubble constant value given in
[27], H0 = 69.6± 0.7. Notice that now H0 is a derived quantity depending on the actual fitting parameters so

H0 = H0(✓) =
H(x = 1,✓)

t0
, (25)

where the numerator H(x = 1,✓) now depends on the parameters n and xs.

B. Type Ia Supernovae

We use the SN Ia data from the Union2.1 compilation [28]. The �2
SN in this case is generally defined as

�2
SN = �FSN · C

�1 · �FSN , (26)

with �FSN = µtheo � µobs the di↵erence between the observed and theoretical value of the distance modulus µ, the
observable quantity for Union2.1 SN Ia, defined as:

µ = 5 log10[dL(z,✓)] + µ0 ; (27)

with dL(z) the dimensionless luminosity distance given by

dL(z,✓) = (1 + z)

Z z

0

dz̃

E(z̃,✓)
, (28)

where E(z) = H(z)/H0 is the dimensionless Hubble function; µ0 a nuisance parameter combining the Hubble constant
H0 (or t0 in our case) and the absolute magnitude of a fiducial SN Ia. As usual, we marginalize the �2

SN over µ0.
Finally, C is the covariance matrix. In terms of integration over time, the dimensionless luminosity distance can be
expressed as:

dL(x,✓) =
1

a(x,✓)

Z x

1

dx̃

a(x̃,✓)
. (29)

C. Baryon Acoustic Oscillations

We have also made use of baryon acoustic oscillations (BAO), in particular, the data collected in [29]. In this case
the �2

BAO is defined as

�2
BAO = �FBAO · C

�1 · �FBAO , (30)

where, as before, �FBAO = Ftheo � Fobs is the di↵erence between the observed and theoretical value of the Alcock-
Paczynski distortion parameter measured in a BAO survey, and defined as:

F (z) = (1 + z)DA(z)
H(z)

c
, (31)

with c the speed of light, H(z) the Hubble function, and DA the angular diameter given by:

DA(z,✓) =
c

H0(1 + z)

Z z

0

dz̃

E(z̃,✓)
. (32)
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Hubble parameter from early-type galaxies 
. M. Moresco, MNRAS 450 (2015) 1.

Baryon Acoustic Oscillations 
  C. Blacke, et al., MNRAS 425 (2012) 405.

Supernovae Ia  
N. Suzuki, et al. (Union 2.1), ApJ 746 (2012) 85.

Here we use a gaussian prior on H0 = 69.6± 0.7

Distance modulus
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id. ⌦
m

H0 t0 we↵,0 B
ij

logB
ij

km s�1 Mpc�1 Gyr

⇤CDM 0.30+0.03
�0.03 69.6+0.7

�0.7 13.57+0.33
�0.31 �0.70 1 0

id. ⌦
m

w0 w
a

H0 t0 we↵,0 B
ij

logB
ij

km s�1 Mpc�1 Gyr

CPL 0.36+0.05
�0.08 �0.93+0.25

�0.25 �1.71+2.18
�3.12 69.5+0.7

�0.7 13.29+0.39
�0.32 �0.60 1.9 0.63

id. n ↵
s

t
s

1/t0 t0 we↵,0 B
ij

logB
ij

t0 km s�1 Mpc�1 Gyr

Uniform prior

A 0.28+0.07
�0.06 0.27+0.17

�0.16 2.30+0.61
�0.58 69.9+1.6

�1.7 13.99+0.36
�0.32 �0.72+0.12

�0.12 1.5 0.42

B 0.34+0.07
�0.07 0.42+0.21

�0.23 1.86+0.50
�0.54 69.4+1.7

�1.7 14.10+0.35
�0.33 �0.69+0.11

�0.11 1.6 0.48

C 0.99+0.57
�0.39 < 0.28 > 2.28 71.8+1.4

�1.4 13.62+0.27
�0.27 �0.91+0.22

�0.22 2.5 0.90

D 0.72+0.11
�0.08 < 0.27 > 2.32 66.6+1.9

�2.0 14.70+0.45
�0.41 �0.49+0.05

�0.05 13.5 2.60

E 0.96+0.19
�0.14 < 0.10 > 3.33 65.2+2.1

�2.2 15.01+0.53
�0.47 �0.44+0.06

�0.06 43.6 3.78

Logarithmic prior

A 0.23+0.19
�0.16 < 0.31 > 2.16 69.8+1.9

�2.2 14.03+0.45
�0.39 �0.69+0.16

�0.16 2.0 0.67

B 0.36+0.24
�0.24 < 0.47 > 1.74 69.3+2.1

�2.3 14.12+0.49
�0.41 �0.74+0.14

�0.14 2.2 0.79

C 1.82+0.76
�0.56 < 0.06 > 3.79 71.7+1.4

�1.3 13.64+0.25
�0.26 �0.86+0.14

�0.14 1.8 0.57

D 0.62+0.06
�0.05 < 0.05 > 3.98 67.2+1.6

�1.5 14.56+0.33
�0.33 �0.54+0.03

�0.03 6.3 1.84

E 0.85+0.17
�0.13 < 0.05 > 3.95 65.8+2.2

�2.4 14.87+0.56
�0.47 �0.47+0.05

�0.05 25.4 3.24

Table II. In this table we present the obtained results for the best fit of each parameterization. In column 1 we give the
label identifying each parameterization in Table I. In columns 2-5 we give the 1� confidence levels for our primary model
parameters. In column 6 we show the age of the Universe. We also show the e↵ective equation of state parameter (as
defined in (17)) for each parameterization evaluated at the present. Finally, in columns 8 and 9 we give the Bayesian
evidence and ratio with respect to ⇤CDM for Je↵reys’ interpretation.

Even in a standard scenario, the quantity F (z) is independent of the parameter H0 and can be written

F (z,✓) =

✓Z z

0

dz̃

E(z̃,✓)

◆
· E(z̃,✓) , (33)

which in our notation translates into

F (x,✓) =

✓Z x

1

d x0

a(x0,✓)

◆
·
✓
H(x0,✓)

H(1,✓)

◆
, (34)

which is independent of the parameter t0.
Finally, the total �2 to be minimized will be �2 = �2

H + �2
H0

+ �2
SN + �2

BAO. We minimize the total �2 using the
Markov Chain Monte Carlo (MCMC) method and we check its convergence with the method developed in [30]. In
order to compare the models in the best statistical way possible, we have calculated the Bayesian evidence for each of
them. The Bayesian evidence is defined as the probability of the data D given the model M with a set of parameters
✓, E(M) =

R
d✓L(D|✓,M)⇡(✓|M): ⇡(✓|M) is the prior on the set of parameters, normalized to unity, and L(D|✓,M)

is the likelihood function.
We have been very careful in imposing priors; our parameters are, basically, t0, xs and n. Actually, we have used

the parameter ↵ defined as

xs = 1� ln↵ (35)

Total chi^2 to be minimized:

Alcock-Paczynski distortion parameter 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id. ⌦
m

H0 t0 we↵,0 B
ij

logB
ij

km s�1 Mpc�1 Gyr

⇤CDM 0.30+0.03
�0.03 69.6+0.7

�0.7 13.57+0.33
�0.31 �0.70 1 0

id. ⌦
m

w0 w
a

H0 t0 we↵,0 B
ij

logB
ij

km s�1 Mpc�1 Gyr

CPL 0.36+0.05
�0.08 �0.93+0.25

�0.25 �1.71+2.18
�3.12 69.5+0.7

�0.7 13.29+0.39
�0.32 �0.60 1.9 0.63

id. n ↵
s

t
s

1/t0 t0 we↵,0 B
ij

logB
ij

t0 km s�1 Mpc�1 Gyr

Uniform prior

A 0.28+0.07
�0.06 0.27+0.17

�0.16 2.30+0.61
�0.58 69.9+1.6

�1.7 13.99+0.36
�0.32 �0.72+0.12

�0.12 1.5 0.42

B 0.34+0.07
�0.07 0.42+0.21

�0.23 1.86+0.50
�0.54 69.4+1.7

�1.7 14.10+0.35
�0.33 �0.69+0.11

�0.11 1.6 0.48

C 0.99+0.57
�0.39 < 0.28 > 2.28 71.8+1.4

�1.4 13.62+0.27
�0.27 �0.91+0.22

�0.22 2.5 0.90

D 0.72+0.11
�0.08 < 0.27 > 2.32 66.6+1.9

�2.0 14.70+0.45
�0.41 �0.49+0.05

�0.05 13.5 2.60

E 0.96+0.19
�0.14 < 0.10 > 3.33 65.2+2.1

�2.2 15.01+0.53
�0.47 �0.44+0.06

�0.06 43.6 3.78

Logarithmic prior

A 0.23+0.19
�0.16 < 0.31 > 2.16 69.8+1.9

�2.2 14.03+0.45
�0.39 �0.69+0.16

�0.16 2.0 0.67

B 0.36+0.24
�0.24 < 0.47 > 1.74 69.3+2.1

�2.3 14.12+0.49
�0.41 �0.74+0.14

�0.14 2.2 0.79

C 1.82+0.76
�0.56 < 0.06 > 3.79 71.7+1.4

�1.3 13.64+0.25
�0.26 �0.86+0.14

�0.14 1.8 0.57

D 0.62+0.06
�0.05 < 0.05 > 3.98 67.2+1.6

�1.5 14.56+0.33
�0.33 �0.54+0.03

�0.03 6.3 1.84

E 0.85+0.17
�0.13 < 0.05 > 3.95 65.8+2.2

�2.4 14.87+0.56
�0.47 �0.47+0.05

�0.05 25.4 3.24

Table II. In this table we present the obtained results for the best fit of each parameterization. In column 1 we give the
label identifying each parameterization in Table I. In columns 2-5 we give the 1� confidence levels for our primary model
parameters. In column 6 we show the age of the Universe. We also show the e↵ective equation of state parameter (as
defined in (17)) for each parameterization evaluated at the present. Finally, in columns 8 and 9 we give the Bayesian
evidence and ratio with respect to ⇤CDM for Je↵reys’ interpretation.

Even in a standard scenario, the quantity F (z) is independent of the parameter H0 and can be written

F (z,✓) =

✓Z z

0

dz̃

E(z̃,✓)

◆
· E(z̃,✓) , (33)

which in our notation translates into

F (x,✓) =

✓Z x

1

d x0

a(x0,✓)

◆
·
✓
H(x0,✓)

H(1,✓)

◆
, (34)

which is independent of the parameter t0.
Finally, the total �2 to be minimized will be �2 = �2

H + �2
H0

+ �2
SN + �2

BAO. We minimize the total �2 using the
Markov Chain Monte Carlo (MCMC) method and we check its convergence with the method developed in [30]. In
order to compare the models in the best statistical way possible, we have calculated the Bayesian evidence for each of
them. The Bayesian evidence is defined as the probability of the data D given the model M with a set of parameters
✓, E(M) =

R
d✓L(D|✓,M)⇡(✓|M): ⇡(✓|M) is the prior on the set of parameters, normalized to unity, and L(D|✓,M)

is the likelihood function.
We have been very careful in imposing priors; our parameters are, basically, t0, xs and n. Actually, we have used

the parameter ↵ defined as

xs = 1� ln↵ (35)

n, t0, xs = 1� log↵sMarkov Chain Monte Carlo. Free parameters:
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Figure 2. (Top Panel:) E↵ective EoS for the combined e↵ect of matter and “singularity-fluid” when a uniform prior is applied.
⇤CDM from Table: solid light grey - CPL from Table: dashed light grey - Singularity A: black - Singularity B: blue - Singularity
C: magenta - Singularity D: red - Singularity E: green. (Left: all models for all times - Right: zoom of the best models in the
approximate time range covered by data). (Center Panel:) E↵ective EoS for the combined e↵ect of matter and “singularity-
fluid” when a logarithmic prior is applied. ⇤CDM from Table: solid light grey - CPL from Table: dashed light grey - Singularity
A: black - Singularity B: blue - Singularity C: magenta - Singularity D: red - Singularity E: green. (Left: all models for all
times - Right: zoom of the best models in the approximate time range covered by data). (Bottom Panel:) Rate expansion in
terms of redshift, H(z), in the approximate range covered by data. ⇤CDM from Table: solid light grey - ⇤CDM with H0 from
Table and ⌦

m,0 ⇠ 0.25 visually-varied in order to fit our models: dotdashed light grey - Singularity A: black - Singularity B:
blue - Singularity C: magenta.
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Figure 2. (Top Panel:) E↵ective EoS for the combined e↵ect of matter and “singularity-fluid” when a uniform prior is applied.
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approximate time range covered by data). (Center Panel:) E↵ective EoS for the combined e↵ect of matter and “singularity-
fluid” when a logarithmic prior is applied. ⇤CDM from Table: solid light grey - CPL from Table: dashed light grey - Singularity
A: black - Singularity B: blue - Singularity C: magenta - Singularity D: red - Singularity E: green. (Left: all models for all
times - Right: zoom of the best models in the approximate time range covered by data). (Bottom Panel:) Rate expansion in
terms of redshift, H(z), in the approximate range covered by data. ⇤CDM from Table: solid light grey - ⇤CDM with H0 from
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Conclusions

• Two of the models (A and B) are as 
good  as  LCDM model,  according 
to Jeffreys scale.

• The  prior  on  α  determines  the 
higher  bound  on  ts,  going  to 
infinity  when  assuming  a 
logarithmic prior. 

• We found that the proximity of the 
singularity to the present time has a 
mild  dependence  on  the  type  of 
s i n g u l a r i t y  f o r  o u r 
parameterisations,  but  we  can 
conclude that in all cases there is a 
consistent lower bound around 1.2 
− 1.5t0 .
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General Aim

We speculate on the possibility that the gravitational constant G might be negative in the past
history of the universe and investigate a cosmological mechanism that stabilizes the
positiveness of the sign of G.
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Newton and Einstein’s G
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Motivation and Goals I

Newton ”De mundi systemate”:

(...) the forces are like the quantity of matter in each
body (...)

Given that the centripetal action on the attracted
body is, at a given distance, proportional to the
quantity of matter of the latter, it is reasonable that it
should also be proportional to the quantity of matter
of the attracting body. Thus the action is mutual.

P. S. Laplace (Traité de Mécanique Céleste, 1799):

Seemingly, for the first time an explicit gravitational
constant

F = −k2
m1m2

r2
(1)

positive ... yet

H. Cavendish (1798) Torsion Balance:
6.75× 10−11 N m2 /kg2 (quite close to the present
value of 6.67259× 10−11 N m2 /kg2 .
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Motivation and Goals II

Recently, several new measurements from respected research teams in Germany, New
Zealand, and Russia have produced new values of G that wildly disagree (see
http://www.npl.washington.edu/eotwash/bigG)

Also, a controversial 2015 study by Anderson et al. [EPL 110, arXiv:1504.06604] suggested a
periodic variation having a period of 5.9 years, similar to that observed in the length of day
(LOD) measurements ...

G. Rosi et al in Nature. 2014 Jun 26;510(7506):518-21,

“report the precise determination of G using laser-cooled atoms and quantum interferometry.
We obtain the value G = 6.67191(99)× 10−11 m3 kg−1 s−2, with a relative uncertainty of
150 parts per million (the combined standard uncertainty is given in parentheses).”
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Motivation and Goals III

A. Einstein The general theory (1915)

Gµν =
8πG

c2
Tµν (2)

P. M. A. Dirac (1938) “The large numbers hypothesis”

G ∝ H , (3)
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Motivation and Goals: Modified Gravity

Unification theories: H. Weyl (1919), Kaluza-Klein (1921), Einstein
(himself) and collaborators

Mach’s principle (D. Sciama), and in the suite C. Brans and R.
Dicke (1961) proposal of theory conveying the variation of G to fulfill
the latter goal

Ggravitational fields near curvature singularities;

First order approximation for the quantum theory of gravitational
fields.

Renormalization approaches to GR in the 1960s and 1970s
equations of fourth or higher order, instead of second.
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Goals

Consider general scalar-tensor gravity theories (extending BD theory)

Envisage the possibility of G becoming negative

Perform a study of the dynamics of cosmological models.

Assess whether there is any cosmological mechanism that drives the sign of the gravitational
constant to be positive and stabilizes the sign of G.
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General Scalar-Tensor theories

So, we consider a general scalar-tensor gravity theories given by the action

S =

∫ [
φR−

ω(φ)

φ
φ,µφ

,µ − 2U(φ) + 16πLm

] √
−g d4x , (4)

where a potential term U(φ) of cosmological nature is considered. (We shall also use
U(φ) = φλ(φ))

The field equations are

Rαβ −
1

2
gαβ R− λ(φ) gαβ =

ω(φ)

φ2

[
φ;αφ;β −

1

2
gαβφ;γφ

;γ

]
+

1

φ

[
φ;αβ − gαβφ;γ ;γ

]
+ 8π

Tαβ

φ
(5)

�φ+
2φ2λ′(φ)− 2φλ(φ)

2ω(φ) + 3
=

1

2ω(φ) + 3

[
8π T − ω′(φ)φ;γφ

;γ
]

(6)

where T ≡ T cc is the trace of the energy-momentum tensor, Tαβ .
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FLRW equations

For the FLRW models the field equations read

3

(
ȧ

a

)2

+ 3
ȧ

a

φ̇

φ
+ 3

k

a2
= λ(φ) +

ω(φ)

2

φ̇2

φ2
+ 8π

ρ

φ
(7)

2
d

dt

(
ȧ

a

)
+ 3

(
ȧ

a

)2

+ 2
ȧ

a

φ̇

φ
+

k

a2
= λ(φ)−

ω(φ)

2

φ̇2

φ2
− 8π

p

φ
−
φ̈

φ
(8)

φ̈+ 3
ȧ

a
φ̇ −

2φ2λ′(φ)− 2φλ(φ)

2ω(φ) + 3
=

−
1

2ω(φ) + 3

[
8π(3p− ρ) + ω′(φ)φ̇2

]
. (9)

Notice that the cosmological potential U(φ) = φλ(φ) effectively reduces to a cosmological
constant when λ(φ) = λ0 = constant in this frame
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Introduce the redefined variables

X = φa2 , Y =

√
2ω(φ) + 3

3

φ′

φ
(10)

and use conformal time dη = dt/a = dt̃/
√
X, where dt̃ =

√
φdt.

The generalized Friedmann equation

(X′)2 + 4 kX2 − (Y ′X)2 = 4M X

(
X

φ

) 4−3γ
2

+
4

3

(
λ(φ)

φ

)
X3 (11)

The scalar-field equation

[
Y ′X

]′
= M(4− 3γ)

√
3

2ω + 3

(
X

φ

) 4−3γ
2

−
2X2√

2ω(φ) + 3

(
λ(φ)

φ
−

dλ

dφ

)
(12)

The generalized Raychaudhuri equation

X′′ + 4 k X = 3M(2− γ)

(
X

φ

) 4−3γ
2

+ 2X2

(
λ(φ)

φ

)
(13)

where M is a constant defined by M ≡ 8πρ0/3 .
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Qualitative analysis
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Towards the most general scalar-tensor theories 
of gravity: a unified approach in the language of 

differential forms 

Jose María EZQUIAGA

Based on:  
arXiv 1603.01269 by JME, J. GARCÍA-BELLIDO and M. ZUMALACÁRREGUI

11th Iberian Cosmology Meeting



JM. Ezquiaga 30th of March, IberiCos’16

• We have systematically explored the space of scalar-tensor theories of gravity using a novel 
approach based on differential forms. 

• We have found a finite and closed basis of Lagrangians that describes general scalar-tensor 
theories. Among others, it contains Horndeski’s and Beyond Horndeski’s Lagrangians. 

• In order to determine which combinations of Lagrangians give rise to second order equations of 
motion (e.o.m.), thus becoming automatically ghost free, we have computed the e.o.m.   

• With the objective of distinguishing truly independent theories, we have determined all possible 
exact forms (total derivatives) and antisymmetric identities relating different Lagrangians. 

• This new formulation has interesting potential applications due to its computational 
simplicity and systematic structure.

SUMMARY [arXiv 1603.01269]
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Cosmological Considerations: 

• Epochs of Accelerated Expansion: Early 
and Late Universe 

• Tests of General Relativity and ΛCDM

1 Scalar-Tensor Theories in a Nutshell 

+

Theoretical Considerations: 

• Simplest modification GR: add 1 degree 
of freedom  

!

• Warning: Ostrogradski’s Theorem 

ɸ
scalar

E.o.m. with higher than 2 time derivatives 
induce linear instabilities in the Hamiltonian

[Horndeski 1974]

[Ostrogradski 1850]

• Most general second order e.o.m. in 4D 
given by Horndeski’s theory

(local+Diff. inv. theories)



JM. Ezquiaga 30th of March, IberiCos’16

• General Covariance (Diff Inv.) can be reinterpreted as the invariance under                 
Local Lorentz Transformations (LLT) in the Tangent Space 

• Needed to couple fermions to gravity! 

• In a pseudo-Riemannian manifold (usual spacetime without torsion and metric compatible) 

• Geometry (and Physics) is encoded in the vielbein     and the 1-form connection 

• Example: Lovelock’s Theory

2 Differential Forms and Gravity 

!a
b✓a ) Ra

b
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✓
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b
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[Lovelock 1971, Zumino 1986]
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Differential Forms Dictionary

Metric Formalism Vielbein Formalism

1

o

(1)

gµ⌫

g = gµ⌫dx
µ ⌦ dx

⌫ = ⌘ab✓
a ⌦ ✓

b

• Invariant objects:        and  

• Basic operations: wedge product, exterior differential, integration… 

• Basic identities: Cartan structure eqs and Bianchi identities

⌘ab ✏a1a2···aD
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[Nakahara, Geometry, Topology and Physics, 2003]
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• Define 1-forms with derivatives of the scalar field (at lowest order)

3 A general basis for Scalar-Tensor Theories

 a ⌘ ra�rb� ✓b �a ⌘ rarb� ✓b

and construct a basis of Lagrangians invariant under LLT in a pseudo-Riemannian manifold.
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Clear structure in terms of the number of fields:  

Finite basis due to antisymmetry 

Contains well-known theories, e.g. Horndeski and Beyond Horndeski

[arXiv 1603.01269]

p ⌘ 2l +m+ n  D
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• Action of a general scalar-tensor theory: 

1

o

(1)

gµ⌫

✓

a = e

a
µdx

µ

g = gµ⌫dx
µ ⌦ dx

⌫ = ⌘ab✓
a ⌦ ✓

b

��µ⌫

!

a
b

Ra
b

R

�
µ⌫⇢

rµg↵� = 0

!ab = �!ba

��µ⌫ = ��⌫µ

T

a = D✓

a = 0

gµ⌫ ✓

a = e

a
µdx

µ

��µ⌫ !

a
b

R

�
µ⌫⇢ Ra

b

rµg↵� = 0 !ab = �!ba

��µ⌫ = ��⌫µ T

a = D✓

a = 0

L(lmn) =
l̂

i=1

Raibi ^
m̂

j=1

�cj ^
n̂

k=1

 dk ^ ✓

?
a1b1···alblc1···cmd1···dn

L(l) =
l̂

i=1

Raibi ^ ✓

?
a1b1···albl

S =
pD
X

l,m,n

Z

M
↵lmnL(lmn)

• The basis is closed under exterior derivatives if contractions with the gradient field are included 

• Notation: over bar indicates contractions with         e.g.   

• Additional Lagrangians:              and
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• We compute the e.o.m. both for the scalar field     and the vielbein      for arbitrary dimensions 

!

• We obtain all the exact forms (total derivatives) and antisymmetric algebraic identities 

!

• Results in 4D:

4 Results

� ✓a

The calculations greatly simplifies 
We find all possible Lagrangians with 2nd order e.o.m.

We determine the number of independent Lagrangians

There are 10 independent elements in the basis of Lagrangians 
Only 4 independent linear combinations give rise to 2nd order e.o.m. 
  -This set can be associated with Horndeski’s theory

[arXiv 1603.01269]
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• Relations among second order theories in 4D:
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• New formulation for scalar-tensor theories in the language of differential forms. 

• This approach simplifies the computations and allows for a systematic classification of general 
scalar-tensor theories and the relations among them. 

• We have proven that Horndeski’s theory correspond to the most general Lagrangian in 4D 
invariant under LLT in a pseudo-Riemannian manifold and constructed with     ,      ,      and 

• The relations among second order theories can be used to connect, for instance, different 
covariantizations of Galileons theory.

5 Discussion [arXiv 1603.01269]

�a a✓a Rab
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• There are interesting potential applications of this new formalism: 

• Analyze phenomenological and theoretical properties of concrete scalar-tensor models. 

• Investigate the role of fermions in scalar-tensor theories of gravity. 

• Explore general field redefinitions and determine which of them leave this basis of 
Lagrangians unchanged 

• Systematically study scalar-tensor theories with higher derivative e.o.m. 

6 Future Prospects [arXiv 1603.01269]
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Ippocratis Saltas

Institute of Astrophysics and Space Sciences, U. Lisbon
funded by FCT SFRH/BPD/95204/2013

based on

IDS, I. Sawicki, L. Amendola, M. Kunz, PRL 113 191101 (2013) 

and work to appear very soon together with  L. Amendola, M. Kunz, M. Motta, I. Sawicki

Bridging cosmology and astrophysics 
with gravitational waves



Gravitational waves exist! But what can they teach us about 
the theory of gravity? 

What drives the late-time acceleration of the universe? Is it 
dark energy, modified gravity, or Λ ?

This talk: The implications of large-scale modifications of gravity  
for the propagation of gravitational waves 

 and vice versa



Horndeski:  
The most general, second-order theory built out of 

 the metric and a scalar φ 

Einstein-Aether:  
GR minimally coupled to a dynamical vector field   

with non-trivial vacuum-expectation value

Bi-metric gravity:  
Most general theory constructed 

 out of two interacting, rank-two fields 

What is modified gravity?

Modifications of gravity will modify in one or the other way the propagation of the 
only degree of freedom in GR: the graviton 

and

and



The evolution of large-scale structures can be well-described by small, scalar 
inhomogeneities around an FLRW spacetime 

Galaxies are test particles which’ density fraction is related to that of dark matter 
through a bias function b(z,k)

Neglecting any relativistic species, any genuine modification of gravity will 
source a gravitational slip 

Free model parameters

The gravitational slip and its significance



Studying galaxy clustering  
in redshift space reveals 
information about galactic velocities

Light reaching us from distant sources  
gets distorted on its way  
due to large matter inhomogeneities

Observables on the sky



The gravitational slip is a model-independent observable

f(R), f(Gauss-Bonnet), …, Horndeski

Einstein-Aether

Bi-metric (massive) gravity

ΛCDM

GR + minimally-coupled to curvature scalar:  
Quintessence, k-essence, KGB

L. Amendola, M. Kunz, IDS, I. Sawicki PRD 87, 023501 (2013)/M. Motta, I.Sawicki, M. Kunz, IDS, PRD 88, 124035 (2013) 



Non-trivial gravitational slip leads to modified propagation 
of gravitational waves

For general modified gravity models introducing an extra 
scalar (Horndeski), vector (Einstein-Aether) and a tensor field 

(massive/bi-metric), the theory parameters controlling the 
linear anisotropic stress match those modifying the evolution 

of gravitational waves. 

IDS, I. Sawicki, L. Amendola, M. Kunz, PRL 113 191101 (2013)



Modified propagation of gravitational waves implies the existence of 
shear at large scales

model parameters

Can the large-scale effects of modified gravity be dynamically screened?

If at some initial time and scale C = 0, 
preservation of the condition requires that 

on-shell



Modified propagation of gravitational waves implies the existence of 
shear at large scales

Horndeski 
4 free relevant functions 

of time

Einstein-Aether  
3 free constant couplings

 Bi-metric gravity  
1 free relevant 

coupling
No go theorem: 

No dynamical screening 
exists at large scales

Numerical analysis:
No screening was found unless 

possible very fine tuned situations

To appear very soon, together with L. Amendola, M. Kunz, M. Motta, I. Sawicki



The existence of gravitational slip modifies the propagation of 
gravitational waves: 

The theory parameters controlling the gravitational slip, are exactly those 
modifying the propagation of gravitational waves.

A modified propagation of gravitational waves implies the existence of 
gravitational slip: 

It is (almost) impossible to screen modifications of gravity at large scales 
within broad classes of models.

Summary
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Screenings with three-form fields

T. Barreiro1,2, U. Bertello1 and N. Nunes1,3

1 2 3

IberiCos 2016

Tiago Barreiro IberiCos 2016 1 / 12



Screening scalar fields

Scalar fields coupled to gravity

Chameleon fields, Vashtein mechanism, Symmetron fields, ...

The couplings depend on the local mass density:

Low mass density (out there)

large coupling ∼ altered gravity

High mass density (sun, earth,...)

small coupling ∼ GR

Tiago Barreiro IberiCos 2016 2 / 12



Screening vector fields

Action for a vector field Bµ ← Jimenez, Froes & Mota (2013)

S =

∫
d4x
√
−g
[

R

16πG
− 1

4
F 2 − 1

2
(∇µBµ)2 − V (B2)

]
+

∫
d4x
√
−g̃ Lm

with Fµν = ∇µAν −∇νAµ
Matter couples to a conformal metric

g̃µν = Ω2(B2)gµν

Field equations in Minkowski spacetime

�Bµ =
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Screening three-form fields

Action for a three-form field Aαβγ

S =

∫
d4x
√
−g
[

R

16πG
− 1

48
F 2 − V (A2)

]
+

∫
d4x
√
−g̃ Lm

with Fαβγδ = 4∇[αAβγδ].

again, matter couples to a conformal metric g̃µν = Ω2(A2)gµν

Germani & Kehagias (2009), Koivisto, Mota & Pitrou (2010), Nunes&Koivisto (2010), ...

Tiago Barreiro IberiCos 2016 4 / 12



Dual vector field

It is more convenient to use the dual forms of A and F that are

a vector field Bα = 1
3!εαβγδA

βγδ

a scalar field Φ = 1
4!εαβγδF

αβγδ

where εαβγδ =
√
−g εαβγδ

in particular,

A2 = −6B2 F 2 = −24Φ2

Tiago Barreiro IberiCos 2016 5 / 12



Field equations

The field equations are

∇α(∇µBµ)︸ ︷︷ ︸
compare to �Bα

= −2

(
∂V

∂B2
+ ρ

∂Ω

∂B2

)
︸ ︷︷ ︸

∂Veff

∂B2

Bα

with the scalar field being Φ = ∇µBµ
|B|

V
ef

f(B
2 )

we use V (B2) = −1
2m

2B2 − 1
4B

4 and Ω(B2) = 1 + 1
2µ2

B2

Tiago Barreiro IberiCos 2016 6 / 12



Spherical solutions

Spherical body: radius rc, density ρc

ρb � 1

ρc � 1

rs

rc

“core” (inside)
r < rs ρc � 1

m2
eff ≈ 2ρc/µ

2

“shell” (inside)
rs < r < rc ρc � 1

m2
eff ≈ −ρc/µ2

outside
r > rc ρb � 1

m2
eff ≈ m2

Tiago Barreiro IberiCos 2016 7 / 12



Spherical solutions

~B = ~B0 +~b

The field equations are ~∇(~∇ ·~b) = m2
eff
~b

Defining φ so that ~b = ~∇φ they become

∇2φ+m2
effφ = 0

Solutions are φ =
∑

l fl(r)Pl(cos θ), where fl are spherical Bessel functions.
We need the l = 1 solution:
inside: f(r) = Bcr
shell: f(r) = aj1(msr) + by1(msr) ≈ α sin(msr + β)/(msr)
outside: f(r) = ck1(m0r) = (1 +m0r)e

−m0r/(m0r)
2

Tiago Barreiro IberiCos 2016 8 / 12



Spherical solutions

-2 -1 0 1 2

-2

-1

0

1

2

∆r ≈ 3µ2

ρcrc

Tiago Barreiro IberiCos 2016 9 / 12



Observational constraints

Time-delay experiments

Eddington parameter γ in the Jordan frame
∣∣∣∣ g̃00 = −1− 2Ψ
g̃ij = 1− 2γΨ

γ = 1− 2B2

µ2ΨE
B2

max =
(rsun

r

)6 ρsun

µ2

From the Cassini bound |γ − 1| . 10−5 we get

µ & 50 MeV

Tiago Barreiro IberiCos 2016 10 / 12



observational constraints
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Summary

We get a “thin shell” effect in this three-form scenario, the field is constant inside a
massive body.
Different behaviour to previous vector or scalar field solutions
Angular dependence in modification of general relativity.

Tiago Barreiro IberiCos 2016 12 / 12
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